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Abstract

Performance of an endoreversible Carnot heat pump cycle with finite speed of the piston is investigated
by using finite time thermodynamics. The analytical formulae between the optimal heating load and the
coefficient of performance (COP), as well as between the optimal heating load and speed ratio of the
piston are derived. It is found that the heating load versus COP characteristics are parabolic-like, and
there exist a maximum heating load and the corresponding COP. These are different from the
monotonically decreasing characteristic of the endoreversible Carnot heat pump without consideration of
the finite speed of the piston. At the same time, the effects of reservoir temperature ratio on the optimal
relations are analyzed by numerical examples. In the analysis and optimization, two cases with and
without limit of cycle period are included.
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1. Introduction

Since the 1970s, finite time thermodynamics was applied to study performance optimization problems of
thermodynamic cycles by many researchers and many practical significant results were obtained [1-5]. In
the research field of heat pump cycles, Blanchard [6] was the first to derive the COP bounds for the fixed
heating load for an endoreversible Carnot heat pump with Newtown’s heat transfer law. Goth and Feidt
[7] also obtained the similar results. Chen et al. [8, 9] established the performance holographic spectrum
and derived the optimization criteria of the endoreversible Carnot heat pump [8], and analyzed the effect
of heat transfer law on the performance of the endoreversible Carnot heat pump. Chen et al. [10]
investigated the specific heating load optimization and the COP optimization of the endoreversible
Carnot heat pump, derived the bounds of specific heating load and COP as well as the optimal relation
between the optimal specific heating load and COP. Chen et al. [11] studied the effects of heat
resistance and internal irreversibility on the characteristics of air heat pump cycles with constant and
variable temperature thermal reservoirs. Bi et al. [12, 13] derived the analytical formulae between the
dimensionless heating load and pressure ratio, between the COP and pressure ratio, as well as between
the dimensionless heating load density and pressure ratio of the endoreversible air heat pump with
constant and variable temperature thermal reservoirs, and optimized the heating load and the heating load
density by searching the optimal distribution of heat conductance of the cycle. Recently, Agrawal and
Menon [14] and Agrawal [15] established a new cycle model of finite speed of the piston based on the
assumption that the finite speeds of the piston on the four thermodynamic branches are equal for
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studying performance of classical reversible Carnot engine [14] and endoreversible Carnot engine [15].
On the basis mentioned above, this paper will establish a cycle model of endoreversible Carnot heat
pump considering the characteristics of finite time and finite speed of the piston with the Newtown’s heat
transfer law, and derive the relations among the heating load, the COP, and the speed ratio of the piston
of the cycle. In the analysis and optimization, two cases with and without limit of cycle period are
considered based on the assumption that the finite speeds of the piston on the four thermodynamic
processes are unequal.

2. Cycle description

The P-V diagram and T-s diagram of the endoreversible Carnot heat pump cycle are shown in Figure 1
and Figure 2. The process (1-2) is isothermal absobing heat branch of the working fluid from heat source
T,, the process (3-4) is isothermal releasing heat branch of the working fluid to heat sink T, , the

processes (2-3, 4-1) are reversible adiabatic compression branch and reversible adiabatic expansion
branch of the working fluid. The following assumption are made. The mass of the working fluid per
cycle is m. The ratio of the specific heats of the working fluid is ». The absorbing and realeasing

temperatures of working fluid are T, and T,. . the volumes of the gas at the four states are
Vi(i=12,3,4). The gas constant is R, . The speeds of the piston on the four thermodynamic processes are
v,(i=1,2,3,4) . They are defined as the passed volume of the piston per second. The temperature ratio of
the heat reservoirs is z=T, /T, . The cycle period is t,. The times spent on the four branches are
t(i=1234).
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Figure 1. P-V diagram for cycle model Figure 2. T-s diagram for cycle model

3. Performance analysis of the heat pump cycle
Consider that the heat transfer between the heat reservoirs and working fluid obeys Newtown’s law.
According to the properties of heat transfer, the quantity of heat transfer (Q_) supplied by the heat

source and the quantity of heat transfer (Q, ) released to the heat sink are, respectively, given by
Qe =Kk (TL —Tic )tl (1)

Quc = KR, (The =Tt (2)
where K, and K, are the heat transfer coefficients between the working fluid and heat reservoirs, F, and
F, are the heat transfer surface areas of the heat exchangers.

For an endoreversible cycle, the entropy change of the working fluid is zero, i.e., cj}ds =0, therefore, one
has

Qe /QHC =T /THC =a (3)
According the state equations of idea gas and the equations of adiabatic process, one has
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Vs /Vz =V, /Vl =(Te /THC )]/(771) =¥t (4)

V2N1=V3/\/4 =V’ (5)

Assuming that the relations of speeds of the piston on the four branches are as follows:

X:V3/V1:V2:V4vy:Vz/V1 (6)
From equations (4)-(6), the times of the four branches can be obtained as follows:

L=t gy - ) )
v, v, 'V, vV

t, = V. Vs :ﬁ(V_Z_Vi) - V_Z(l_ai/(rfl)) (8)
V2 VZ Vl Vl yvl

t :VS -V, :ﬁ(ﬁ_vi) — Vv, YA _1)a1/(7*1) (9)

AR A VAR VA A

=aYe Vg Yoy Ve g quon) (10)

V4 V4 Vl yvlv
According to the properties of working fluid, the quantities of heat transfer (Q,., Q. )can also be given
by

= ["PdV =mR T, Inv" (11)

Quc =, PAV =R T, IV (12)
Combining equations (1), (2), (3), (7) with (9) gives the releasing heat temperature of working fluid
7/(r-1)
T - T, [K,Fx+K,F,a — 7] (13)
K,Fxa+K,Fa”/™?
Combining equations (1), (7), (11) with (13) gives

VinV' VK K,FFa"" ™ (1-ar) (14)
V-1 (K Fx+K,Fa”’" P r)mR,

Combining equations (2), (9), (12) with (13) also gives

VinV' VK K,FFa'v P (1-ar) (15)
V-1 v(KFx+K,Fa”/" P r)mR,

From equations (7)-(10), the cycle period can be obtained as follows:

* 1U(y-1) _AU(y-1) *

V. {(v Dex+a’t™?)  (@-a’" )V +Y (16)
V'y, X y

The COP ( #) and heating load (=) of the cycle can be, respectively, obtained as follows:

f- 5 QECQ :i 17

7= Quc _ K1K2F1F2T|_[1_(1_ﬁ71)7](v* -Dxy (18)
t, {V -Dx+A-A )Py + (v +D-(1- VK
[K Fx(—- B 20D 4 K, F,(1- )]
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4. Discussions
4.1 Without the limit of cycle period
From equations (17) and (18), one can see that the COP ( 8) increases monotonically with the increase

of temperature ratio (a) of working fluid, the heating load () is the function of the speed ratios (x, y)
of the piston and temperature ratio (a) of working fluid, and = increases monotonically with the
increase of y. According to the extremum condition dz/da=0, when a=a_, satisfies the following

equation

opt

K K, R R T (K Fxa 2 4 K, Fag J(r—D[[-a,, 7)Y, —7(V" 1)
(V" =D (x+a,, " " )y+(V T +D)(L-a,," " )x]
= (12, D)V —D)(K, Fxa,, 2" + K, Fya,, KI(y+1)x+(y —X)a,, PV, (r-1) (19)
2, Iy =XV = (XYL -2, D)V DIV -D(xHag, )y
+(V" + D)L -a,, TIXKFEX(r - 2)a,, MY + K, R (r-1)]

opt

The relation between the optimal heating load =,

opt—x

and x can be obtained as the following equation:

KK,FFRT 1- aoptz-)(v* -Dxy

Popt-x = 20
opt—x [(V* —l)(X +a0p11/(771))y+ (V* +1)(1_aoml/(rfl))X](Klleaom(ny)/(rfl) + KZFZaOpI) ( )
where
V2 Kle F1F2 (V* _1)2[(a0m(2—r)/(r—l) _ I,-z_aomll(r—l))(Klle + Kzeaopty/(y—l)z_)
v v — (8" —a,, U)K, Fyrray, Y o
Y da,, VMR, (V' =InV" =1)(r —1)(K,Fx + K, Fa,, /" 7)°
According to the extremum condition dz/dx=0, when x=x, satisfies the following equation,
Kle FlFZTLy(XoptVX* +V*)(KlFlXOpta(y_Z)/(y_l) + Kz an)
[V =1)(Xgp +a" D)y + (V" +D(L-a""2)x,, ]
= Xopt (K FiXop@” 20 1 K F,a) (V™ =DLL(Y +D)Xgpq + (Y = X )@ PV, (22)

+(y+1-a" )V —y—at oV s B x (VO =DV D)Xy +27 )y
+(V*+D)(A-a"" ), JK, Fa” 2

the relation between the optimal heating load 7z, _,

opt
and B can be obtained as the following equation:

KK RFT - (- 877" —DXgp Y

ﬂ.o _ = " — - - - _ (23)
"V DX + (1 BT X (VDR (- 50T
[KiFX gy (= 820D 4 KR (- 7]
where
v OV VKIKRR (V1) A -ar) (24)
X dxop[ VMR, (InV*+1—V*)(K1F1X0m+Kzeay/(yfl)T)Z

4.2 With the limit of cycle period
In the case with limit of cycle period (i. e. t, is fixed), combining equations (2), (13) with (15), the

heating load (7' ) of the cycle can be obtained as follows:

Qe TLMRy InV* (K Fx+K, Fzz'a7/(7’1))
t, t, (K, Fxa+K, anr/(y—l))

S

(25)

T =
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From equations (15) and (25), one can see that ~  is the function of xand a . According to the extremum
condition dr'/da=0, when a=a,, satisfies the following equation

TLng (Klleavopt + KZ FZavopty/(/yil) )[\/a*l (r _l)(Klle + KZ FZTaIOpt’V/(yil))
+V*InV'K, Fzz'ra'optl/(%l)] (26)
=tV IV (K Fx+K,F,ra /U )[(r-)K Fx+ K,Fra /o]

The relation between the optimal heating load =, , and x can be obtained as the following equation:

T.mMR, InV* (K,Fx + K, F,za /"™

T opx = L (vl 1 2 ,2 ~/opf1 ) (27)
t.(K,Fxa,, +K,Fa, ™)

where V,* is determined by equation (21) by replacing a

opt opt

o With @' .
According to the extremum condition d'/dx=0, when x=x,, satisfies the following equation

T'-ng (Kl FlXYOPta + Kz any/(yil) )[Vx*l (Kl lel
=at. K FV “InvV* (K1 lelopt +K, Fzz-aﬂ(y—l))
The relation between the optimal heating load 7

o+ K Fza’ " ) 1V InV K F ]
pt 22 171 (28)

s and g can be obtained as the following equation:

T MR, NV [K,F X, + K, Fr(l= g7y 2]
e t[KFX o (L= ) + K R (1= )70
where V.* is determined by equation (24) by replacing x

(29)

ot WIth X
5. Numerical example
In the calculations, the parameters are set as follows:m=0.5kg, R, =287.1J/(kg-K), V,/v, =140ms,

T, =260K , and K,F, =K,F, =16kW /K. When the cycle period is not limited, y=4; when the cycle
period is limited, t, =160ms. x and a are the variables with the ranges of 0.7<x<1.1 and 0.4<a<0.8.

The characteristic curves between the optimal heating load and the speed ratio (x) of the piston, as well
as between the optimal heating load and COP ( g) in the two cases with and without limit of cycle period
are shown in Figures 3-6.
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Figure 3. Relation between 7, , and x with Figure 4. Relation between 7, , and g with
different heat reservoir temperature ratio different heat reservoir temperature ratio
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Figure 5. Relation between 7, _, and x with Figure 6. Relation between 7, , and g with
different heat reservoir temperature ratio different heat reservoir temperature ratio
From Figure 3 and Figure 5, one can see that the optimal heating loads (z,,_ and 7z, ) decrease

monotonically with the increase of x nearly linear-like in the two cases. The optimal heating loads
(7omx and 7z, ) decrease with the increase of heat reservoir temperature ratio (z ) for the same x.

From Figure 4 and Figure 6, one can see that the optimal heating loads (z,,_, and =, ,) versus g are

parabolic-like ones, there exist maximum heating loads and the corresponding COPs. There are two
COPs for a fixed heating load, obviously, the heat pump should operate at the point where the COP is
larger. The COPs corresponding to the maximum heating loads for the three heat reservoir temperature
ratios are nearly equal, the optimal heating loads (~,, ,and =, ,) decrease with the increase of heat
reservoir temperature ratio () for the same p. When g — g =T, /(T, -T,), there is V" —>1 (the
volume expansion ratio of the gas), =z, , >0, and z,_, —»0. When g —1, there is also V" -1,
s — 0. This is different from the performance characteristic of the endoreversible

Carnot heat pump without consideration the finite speed of the piston. (the optimal heating load decrease
monotonically with the increase of COP, when g — g =T, /(T,, -T,), there is =, =0; when g —1,

there is 7, = 7, [6-8]).

Ty =0, and =

6. Conclusion

Performance of an endoreversible Carnot heat pump cycle with finite speed of the piston is analyzed by
using finite time thermodynamics. The two cases (with and without limit of cycle period) are discussed,
the optimal formulae between the heating load and speed ratio of the piston, as well as between the
heating load and COP are derived for the two cases. The characteristic curves of the heating load versus
speed ratio of the piston, the heating load versus COP are obtained by numerical examples. The results
show that, the optimal heating loads versus COP of the heat pump considering the characteristics of finite
time and finite speed of the piston are parabolic-like one, and these are different from the monotonically
decreasing characteristic of the endoreversible Carnot heat pump without consideration of the finite
speed of the piston. Figs. 3-6 show that the temperature ratio has large effects on the relations of the
optimal heating load versus speed ratio of the piston and the optimal heating load versus COP. The
results of this paper can provide some theoretical guidelines for the operation estimation and parameter
selection of practical heat pumps.
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