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Abstract 
Taking temperature dependence of thermoelectric properties and external heat transfer irreversibility into 
account synchronously, an improved finite time thermodynamic model of a multi-element thermoelectric 
generator is established. The theoretical iterative functions of the hot and cold junction temperatures are 
obtained. The model is applied to the analysis of a multi-element thermoelectric generator, which is 
made of typical thermoelectric materials. The effects of output electrical current, length of thermoelectric 
element and ratio of thermal conductance allocation of heat exchangers on the power and efficiency are 
analyzed, along with the optimal variables. Comparing this temperature dependent model with the 
traditional temperature independent model, it is found that the temperature dependence of thermoelectric 
properties has significant effects on the power, efficiency and optimal variables. Specially, for a large 
temperature difference, the temperature independent model will cause a considerable error, so it is 
recommended to apply this temperature dependent model for the analysis of practical thermoelectric 
generator. Because of the effects of temperature dependence of thermoelectric properties, a limit of 
efficiency of about 7% can not be overrun. The model and calculation method provided in this paper may 
be applied to not only the calculation, prediction but also the design and optimization of thermoelectric 
generators. 
Copyright © 2012 International Energy and Environment Foundation - All rights reserved. 
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1. Introduction 
Thermoelectric generators [1] are solid-state energy converters, whose combination of thermal, electrical 
and semiconductor properties allows them to be used to convert waste heat into electricity or electrical 
power directly [2-5] . These devices can be competitive with fluid-based systems, such as two-phase air-
conditioning compressors or heat pumps, or used in smaller-scale applications. In the last years, 
considerable efforts have been developed to identify new classes of thermoelectric materials [6-8] with 
enhanced performances. In addition to the improvement of the thermoelectric material and module, the 
system analysis and optimization of thermoelectric generators are equally important in designing high-
performance thermoelectric generators [9, 10].  
In general, conventional non-equilibrium thermodynamics [11-13] is used to analyze the performance of 
single-stage one or multiple-element thermoelectric generators. Considering the inner structure of a 
thermoelectric generator, a significant increase in the power output from a module can be achieved by 
modifying the geometry of the thermo-elements [14, 15]. Rowe [16, 17] investigated the efficiency of a 
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single couple solar powered thermoelectric generator and reviewed US applications of nuclear-powered 
thermoelectric generators in space. Chen et al. [18] investigated the influence of Thomson effect on the 
maximum power output and maximum efficiency of a thermoelectric generator. Yamashita [19] derived 
the resultant Seebeck coefficient of a thermoelectric element analytically from the temperature 
dependence of the intrinsic Seebeck coefficient by taking into account the Thomson effect.  
Thermoelectric devices can not be used independently. They should be connected with heat exchangers 
to dissipate heat [2-5]. Considering the external irreversibilities of a thermoelectric generator, much work 
has shown that the heat transfer irreversibilities between the device and its external reservoirs affect the 
performances of thermodynamic processes strongly. The theory of finite time thermodynamics or 
entropy-generation minimization [20-26] is a powerful tool for the performance analysis and 
optimization of practical thermodynamic processes and devices, especially for finite rate heat transfer. 
Some authors have investigated the performances of thermoelectric generators using a combination of 
finite time thermodynamics and non-equilibrium thermodynamics. Gordon [27], Wu [28], Agrawal et al. 
[29], Chen et al. [30, 31] and Nuwayhid et al. [32] analyzed the effect of finite rate heat transfer between 
the thermoelectric device and its external heat reservoirs on the performance of single-element 
thermoelectric generators.  
In practice, a commercial thermoelectric generator is a multielement device, which is composed of many 
fundamental thermoelectric elements. Many researchers investigated the characteristics of multielement 
thermoelectric generators with the irreversibility of external finite-rate heat transfer, Joulean heat inside 
the thermoelectric device, and the heat leakage through the thermoelectric element. Chen et al. [33, 34] 
analyzed the effects of external heat conductance and the number of elements on the power output and 
efficiency of a multi-elements generator. Yu and Zhao [35] presented a numerical model to predict the 
performance of thermoelectric generator with the parallel-plate heat exchanger. Niu et al. [36] 
constructed an experimental thermoelectric generator unit incorporating the commercially available 
thermoelectric modules with the parallel-plate heat exchanger. Hsiao et al. [37] built a one dimensional 
thermal resistance model to predict the behavior of thermoelectric modules applied in exhaust and 
radiator of an automobile. Chen [38], Khattab and Shenawy [39], and Meng et al. [40-43] investigated 
the feasibility and performance optimization of a single (two) stage thermoelectric refrigerator or heat 
pump driven by a single (two) stage thermoelectric generator. There is no research concerning 
thermoelectric generator considering external heat transfer and temperature dependence of thermoelectric 
properties synchronously in open literatures.  
Taking temperature dependence of thermoelectric properties and external heat transfer irreversibilities 
into account synchronously, a finite time thermodynamic model of multielement thermoelectric 
generator is established in this paper, based on which, the power and efficiency of a practical 
multielement thermoelectric generator are calculated at different temperature difference. The effects of 
output electrical current, length of thermoelectric element and ratio of thermal conductance allocation of 
the heat exchangers on the power and efficiency are analyzed, along with the optimal variables. 
 
2. System modeling and energy equations  
A multielement thermoelectric generator with external heat transfer is shown in Figure 1. A 
thermoelectric generator consists of P-type and N-type semiconductor legs. A P-type and an N-type 
semiconductor leg compose a thermoelectric element. The geometry structure of a thermoelectric 
element is shown in Figure 2. The length and cross section area of a thermoelectric semiconductor leg are 
L  and A . The number of thermoelectric elements is N . The junctions of the thermoelectric elements are 
fixed at a thermal conducting and electrical insulting ceramic plate. The area of the ceramic plate is mA . 
The module packed density θ  is defined as 2 / mAN Aθ =  [15].  
The hot and cold junction temperatures are hT  and cT . The heat source and heat sink temperatures are HT  
and LT . The heat flow rate absorbed from the heat source of the thermoelectric generator is HQ . The heat 
flow rate dissipated from the thermoelectric generator to the heat sink is LQ . The heat flow rate through 
the hot and cold junctions of the thermoelectric elements are hQ  and cQ . It is assumed that the heat 
transfers between the heat reservoirs and the thermoelectric generator are finite rate irreversible heat 
transfer and obey Newtonian heat transfer law Q T∝ ∆ .  
The electrical resistance of the P- and N- type semiconductor leg are pR  and nR . The output electrical 
current and load resistance are I  and LR .  
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Figure 1. Schematic diagram of a multielement thermoelectric generator with external heat 
 
 

 
 

Figure 2. The geometry structure of a thermoelectric element 
 
For a well design thermal insulation packaging module, the heat leakage from the surrounding of the 
elements and module can be neglected, so the heat transfer of the whole device can be treated as one 
dimensional heat transfer. According to the non-equilibrium thermodynamics, the inner effects of the 
thermoelectric elements include Seebeck effect, Fourier effect, Joule effect and Thomson effect. The 
increment rate of inner energy of the infinitesimal is zero at steady-state. One can obtain the heat 
conduction differential equations of P- and N-Type semiconductor legs as follows [1] 
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where pk , pσ , pµ , pA , pL , pT  and nk , nσ , nµ , nA , nL , nT  are the thermal conductivity, electrical 
conductivity, Thomson coefficient, cross section area, length and temperature of the P-type and N-type 
semiconductor leg, respectively.  
The temperature boundary conditions are; 
 

(0) (0)p n cT T T= =   (3) 



International Journal of Energy and Environment (IJEE), Volume 3, Issue 1, 2012, pp.137-150 

ISSN 2076-2895 (Print), ISSN 2076-2909 (Online) ©2012 International Energy & Environment Foundation. All rights reserved. 

140 

( ) ( )p p n n hT L T L T= =   (4) 
 
Taking effect of temperature dependence of thermoelectric properties into account, pk , pσ  and pµ  are 
functions of pT ; while nk , nσ  and nµ  are functions of nT . However, such a differential equation can not 
be solved theoretically. Replacing k , σ  and µ  with the mean value k , σ  and µ  approximately gives 
approximations of Eqs. (1) and (2) as follows; 
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where ( )/ 2h cp p T T Tk k = +≈ , ( )/ 2h cp p T T Tσ σ = +≈ , and ( )/ 2h cp p T T Tµ µ = +≈  for P-type semiconductor leg and for N-
type likewise. The total heat flow rates through the hot and cold junctions are; 
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where pα  and nα  are the Seebeck coefficients of the P- and N- type semiconductor leg, and the 
subscripts h  and c  represent the hot and cold sides.  
It is assumed that the external thermal conductances at hot and cold sides are HK  and LK , respectively. 
Then one has;  
 

( )H H H hQ K T T= −   (9) 
 

( )L L c LQ K T T= −   (10) 
 
The heat flow balance equations are; 
 

H hQ Q=   (11) 
 

L cQ Q=   (12) 
 
3. Solution of the model  
The temperature distributions of the P- and N- type semiconductor legs can be solved by Eqs. (5) and (6) 
as follows; 
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where / ( )p p p pI k Aµω = , / ( )p p pF I Aσ µ= , / ( )n n n nI k Aω µ=  and / ( )n n nF I Aσ µ= .  



International Journal of Energy and Environment (IJEE), Volume 3, Issue 1, 2012, pp.137-150 

ISSN 2076-2895 (Print), ISSN 2076-2909 (Online) ©2012 International Energy & Environment Foundation. All rights reserved. 

141

For maximum figure of merit of the thermoelectric element 2 / ( )Z KRα= , the physical dimension of the 
thermoelectric element and the physical property of the material should satisfy the following equation [1, 
2]. 
 

2 2

2 2
p n n n

p pn p

A L k
kA L
σ
σ

=   (15) 

 
To reduce the cost of manufacture, the P- and N- type semiconductor legs are made with same physical 
dimensions in general, i.e. p nA A A= =  and p nL L L= = . So one has / ( ) 1N PN Pk kσ σ =  by Eq. (15). Similar 
doped alloys are adopted to make P- and N- type semiconductor legs. That is, p nσ σ σ= = , p nk k k= = , 

p nα α= − , and p nµ µ= − . According to Taylor’s expension formula, when 1x , 1xe x≈ +  holds truly. 
Based on the assumptions mentioned above, Eqs. (7) and (8) can be approximated as follows in the case 
of / 1I Kµ :  

2[ ( ) 0.5 0.5 ( )]h h h h c h cQ N IT K T T I R I T Tα µ= + − − − −   (16) 
 

2[ ( ) 0.5 0.5 ( )]c c c h c h cQ N IT K T T I R I T Tα µ= + − + + −   (17) 
 
where h hp hnα α α= −  and c cp cnα α α= −  are the Seebeck coefficients of the thermoelectric elements at hot 

and cold sides. 2p n pµ µ µ µ= − = , K  and R  are the total Thomson coefficient, thermal conductance and 
electrical resistance of a thermoelectric element. ITα , K T∆ , 2I R  and I Tµ ∆  are the rates of Peltier heat, 
Fourier heat, Joule heat and Thomson heat, respectively. K  and R  are given by; 
 

/ 2 //p p p n n np n k A L k A LK K A LK k= + == +   (18) 
 

/ ( ) / ( ) 2 / ( )p pn p np n nR R R L A L A L Aσ σ σ= + == +   (19) 
 
The output power is given by; 
 

[ ( )]h c h h c c h cP Q Q NI T T IR T Tα α µ− − −= − = −   (20) 
 
The contact resistance is also considered in this paper. The contact resistance is in proportion to the 
reciprocal of the contact area with same manufacture and same thickness of the contact zone [1]. That is, 

/ct ctR C A= , where ctC  is a constant independent of the length of the thermoelectric element and A  is the 
cross area of a semiconductor leg.  
Taking the Joule heat generated by the contact resistance as the thermoelectric elements generated and 
replacing R  with t cuR R R= +  give the modified output power as follows; 
 

[ ( )]h c h h c c t h cP Q Q NI T T IR T Tα α µ= − = − −− −   (21) 
 
The efficiency / HP Qη =  is given by; 
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   (22) 

 
Note that not only the temperature dependence of thermoelectric properties but also the external heat 
transfer is considered in this paper. For given heat source and heat sink temperatures HT  and LT , the 
junction temperatures of thermoelectric element hT  and cT  are unknown, thus the thermoelectric 
properties hα , cα , k  and σ  and µ  are unknown. Alteration method is adopted herein to determine the 
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junction temperatures hT  and cT . The alteration formula can be solved by Eqs. (11) and (12) as follows; 
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where hα , cα , K , tR  and µ  are functions of hT  and cT . For given initial values of hT  and cT  
( ,h H c LT T T T= = , for example), hα , cα , K , tR  and µ  can be calculated by the fitting equation of the 
thermoelectric material. Then hT  and cT  can be calculated by Eqs. (23) and (24). Repeating the process 
until required precision is obtained.   
If the temperature dependence of thermoelectric properties is not considered, the model changes into a 
temperature independent model, and then Eqs.(16) and (17) change into; 
 

2[ ( ) 0.5 ]h h h cQ N IT K T T I Rα= + − −    (25) 
 

2[ ( ) 0.5 ]c c h cQ N IT K T T I Rα= + − +   (26) 
 
Eqs. (23) and (24) change into [27, 28, 31, 33, 34, 37]. 
 

2 3 2 2

2 2 2

0.5 ( 0.5 )
( )

( )
( )

t t t L

H H H H L L L H H
h

H L

H L H L

N R I N R K NR K I
N K T I NK K T K T K K T

T
N I N K K I

NK K K K K

α
α

α α

+ − −
+ −

−
− + −

+ −
=

+
  (27) 

 
2 3 2 2

2 2 2

0.5 ( 0.5 )
( )

( )
( )

t t t H

L L H H L L H L L
c

L H

H L H L

N I R N R K NR K I
N K T I NK K T K T K K T

T
N I N K K I

NK K K K K

α
α

α α

+ +
+ + + +

=
− + −
+ + +

  (28) 

 
The junction temperatures hT  and cT  can be solved analytically herein. 
 
4. Effects of temperature dependence of thermoelectric properties  
When the external heat transfer is considered, the allocation of thermal conductance of heat exchangers 
between the hot and cold sides affects the performance of the thermoelectric devices [33, 34]. To 
describe the allocation, a ratio of thermal conductance allocation is defined as / ( )H H Lf K K K= + .  
The characteristics of power and efficiency versus output electrical current, length of thermoelectric 
element and ratio of thermal conductance allocation are investigated by numerical calculations. The 
physical properties of the commercially available material by Melcor [44] used for this simulation are 
shown as follows; 
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92(22224.0 930.6 0.990 V/K5 )10p T Tα −= + −   (29) 
 

2 10(5112.0 163.4 0.6279 )  10 mT Tρ −= + Ω+   (30) 
 

2 4(62605.0 277.7 0.4131 )1 W/m/K0k T T −= − +   (31) 
 
where pα , ρ  and k  are the Seebeck coefficient, electrical resistivity and thermal conductivity. The 
Thomson coefficient is given by the second Kelvin relationship [1]; 
 

dT
dT
αµ =   (32) 

 
Two models, i.e. the temperature dependent model established in this paper and the traditional 
temperature independent model will be analyzed, optimized and compared with each other in this 
section. The thermoelectric properties of the temperature independent model (at 300T K= ) and base-line 
parameters of the two models are listed in Table 1. The optimal variables at maximum power and the 
corresponding maximum powers of the two models are listed in Table 2. The optimal variables at 
maximum efficiency and the corresponding maximum efficiencies of the two models are listed in Table 
3. The superscript T  denotes that the temperature dependence of thermoelectric properties is considered 
in the optimization, i.e. the results of the temperature dependent model.  
Figures 3 and 4 show the effects of temperature dependence on the characteristics of power P  and 
efficiency η  versus electrical current I . The results of temperature independent and dependent models 
are displayed by dotted and solid lines, respectively. The results at 150T K∆ =  and at 250T K∆ =  are 
displayed by circle and square markers, respectively. 1L mm=  and 0.5f =  are set in the figures. It can be 
seen that the shapes of curves of the two models are similar, i.e. parabola-like. There is one optimal 
electrical current PI  corresponding to the maximum power and another optimal electrical current Iη  
corresponding to the maximum efficiency. TP P>  at 150T K∆ =  while TP P<  at 250T K∆ = . The results 
of optimization of electrical current show that for maximum power or for maximum efficiency, when the 
temperature difference is small ( 200T K∆ < ), T

o oI I>  and max max
TP P>  holds (see Table 2); when the 

temperature difference is large ( 200T K∆ > ), T
o oI I<  and max max

TP P<  holds (see Table 3).  
Figures 5 and 6 show the effects of temperature dependence on the characteristics of power P  and 
efficiency η  versus length of thermoelectric element L . 0.5I A=  and 0.5f =  are set in the figures. One 
can see that the shapes of curves of the two models are similar, i.e. increase rapidly at the start and 
decrease slowly after the maximum. There is one optimal length of thermoelectric element PL  
corresponding to the maximum power and another optimal length of thermoelectric element Lη  
corresponding to the maximum efficiency. The zero-power length of thermoelectric element 0 0

T
P PL L= =< . 

The results of optimization of length of thermoelectric element show that for maximum power, T
o oL L<  

holds. When 250T K∆ < , max max
TP P>  holds; when 250T K∆ > , max max

TP P<  holds (see Table 2). For 
maximum efficiency, T

o oL L<  holds in general. When 150T K∆ < , max max
TP P>  holds; when 150T K∆ > , 

max max
TP P<  holds (see Table 3).  

Figures 7 and 8 show the effects of temperature dependence on the characteristics of power P  and 
efficiency η  versus ratio of thermal conductance allocation f . 0.5I A=  and 1L mm=  are set in the 
figures. One can see that the shapes of curves of the two models are similar, i.e. smooth in a wide range 
but decrease rapidly when f  near 0 or 1. There is one optimal ratio of thermal conductance allocation 

Pf  and another optimal ratio f η  corresponding to the maximum power and maximum efficiency, 
respectively. The results of optimization of ratio of thermal conductance allocation show that for 
maximum power, 0.5T

o of f> ≡  holds. When 250T K∆ < , max max
TP P>  holds; when 200T K∆ > , max max

TP P<  
(see Table 2). For the maximum efficiency, T

o of f>  holds in general. When 200T K∆ < , max max
TP P>  

holds; when 200T K∆ > , max max
TP P<  holds (see Table 3).  

To sum up, if the temperature dependence of thermoelectric properties is not considered, increasing the 
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temperature difference will always improve the power and efficiency. However, because of the effects of 
temperature dependence of thermoelectric properties, with the increase of temperature difference, the 
power improves more and more slowly while the efficiency decreases after its maximum. In this case, a 
limit of 7%  for efficiency can not be overrun.  
Comparing the optimal variables in Table 1 with those in Table 2, some relations can be concluded as 
follows; 
 

P
o oI Iη>   (33) 

 
P
o oL Lη<   (34) 

 
P

o of f η<   (35) 
 
where the superscript P  and η  denote at maximum power and at maximum efficiency. Eqs. (33)-(35) 
give the basic principles of optimal variables section.  
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Figure 3. Effects of temperature dependence on power versus electrical current 
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Figure 4. Effects of temperature dependence on efficiency versus electrical current 
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Figure 5. Effects of temperature dependence on power versus length of thermoelectric element 
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Figure 6. Effects of temperature dependence on efficiency versus length of thermoelectric element 
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Figure 7. Effects of temperature dependence on power versus ratio of thermal conductance allocation 
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Figure 8. Effects of temperature dependence on efficiency versus ratio of thermal conductance allocation 
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8. Conclusion 
Taking temperature dependence of thermoelectric properties and external heat transfer irreversibilities 
into account, a new model of multielement thermoelectric generator is established. Applying the model 
to a practical multielement generator, it is found that the temperature dependence of thermoelectric 
properties has a significant effect on the power, efficiency and optimal variables. If the temperature 
dependence of thermoelectric properties is not considered, increasing the temperature difference will 
always improve the power and efficiency. However, because of the effects of temperature dependence of 
thermoelectric properties, with the increase of temperature difference, the power improves more and 
more slowly while the efficiency decreases after its maximum. Specially, when the temperature 
difference is large, the temperature independent model will cause a considerable error, so it is 
recommended to apply this temperature dependent model for the calculations of practical multielement 
thermoelectric generators. The model and calculation method provided in this paper may be applied to 
not only the calculation, prediction but also design and optimization for thermoelectric generators. 
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Nomenclature 
A  Area ( 2m )  
C  Coefficient  
f  Ratio of thermal conductance allocation  
I  Output electrical current ( A )  
K  Thermal conductance ( 1WK − )  
k  Thermal conductivity ( 1 1Wm K− − )  
L  Length ( m )  
N  Number  
P  Output power (W )  
Q  Heat flow rate (W )  
R  Electrical resistance (Ω )  
T  Temperature ( K )  
 
Greek letters  
α  Seebeck coefficient ( 1VK − )  
∆  Difference  
δ  Thickness ( m )  
η  Thermal efficiency  
µ  Thomson coefficient ( 2VK − )  

θ  Packed density  
ρ  Electrical resistivity ( mΩ )  
σ  Electrical conductivity ( 1 1m− −Ω )  
 
Subscripts  
c  Cold junction  
ct  Contact  
H  Heat source  
h  Hot junction  
n  N-type semiconductor leg 
o  Optimal  
p  P-type semiconductor leg  
T  Total  
 
Superscripts  
P  At maximum output power  
T  Temperature dependent  
η  At maximum efficiency 
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