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Abstract
A multistage endoreversible Carnot heat engine system operating with a finite thermal capacity high-
temperature black photon fluid reservoir and the heat transfer law [qoc a(T*")(A(T"))] is investigated in

this paper. Optimal control theory is applied to derive the continuous Hamilton-Jacobi-Bellman (HJB)
equations, which determine the optimal fluid temperature configurations for maximum power output
under the conditions of fixed initial time and fixed initial temperature of the driving fluid. Based on the
general optimization results, the analytical solution for the case with pseudo-Newtonian heat transfer law
[qoc a(T?)(AT) ] is further obtained. Since there are no analytical solutions for the radiative heat transfer

law [gqoc A(T*)], the continuous HJB equations are discretized and the dynamic programming (DP)

algorithm is adopted to obtain the complete numerical solutions, and the relationships among the
maximum power output of the system, the process period and the fluid temperatures are discussed in
detail. The optimization results obtained for the radiative heat transfer law are also compared with those
obtained for pseudo-Newtonian heat transfer law and stage-by-stage optimization strategy. The obtained
results can provide some theoretical guidelines for the optimal designs and operations of solar energy
conversion and transfer systems.
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1. Introduction

There are two standard problems in finite time thermodynamics [1-12]: one is to determine the objective
function limits and the relations between objective functions for the given thermodynamic system, and
another is to determine the optimal thermodynamic process for the given optimization objectives. The
former case belongs to a class of static optimization problems, which could be solved by the simple
function derivation methods, while the latter case belongs to a class of dynamic optimization problems,
which should be solved by applying optimal control theory. Sieniutycz [5, 7, 11, 13-16], Sieniutycz and
von Spakovsky [17], Szwast and Sieniutycz [18] first investigated the maximum power output of
multistage continuous endoreversible Carnot heat engine system operating between a finite thermal
capacity high-temperature fluid reservoir and an infinite thermal capacity low-temperature environment
with Newtonian heat transfer law [5, 7, 11, 13-15, 17]. The results were extended to the multistage
discrete endoreversible Carnot heat engine system [5, 7, 11, 16, 18]. Sieniutycz and Szwast [19],
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Sieniutycz [20] further investigated effects of internal irreversibility on the maximum power output of
multistage Carnot heat engine system and the corresponding optimal fluid reservoir temperature
configuration. Li et al [21, 22] further considered that both the high- and low-temperature sides are finite
thermal capacity fluid reservoirs, and investigated the problems of maximizing the power output of
multistage continuous endoreversible [21] and irreversible [22] Carnot heat engine systems with
Newtonian heat transfer law. In general, heat transfer is not necessarily Newtonian heat transfer law and
also obeys other laws. Heat transfer laws not only have significant influences on the performance of the
given thermodynamic process [23-27], but also have influences on the optimal configurations of
thermodynamic process for the given optimization objectives [28-33]. Sieniutycz and Kuran [34, 35],
Kuran [36] and Sieniutycz [11, 37-40] investigated the maximum power output of the finite high-
temperature fluid reservoir multistage continuous irreversible Carnot heat engine system with the
radiative heat transfer law and the corresponding optimal fluid reservoir temperature configuration.
Because there are no analytical solutions for the case with the pure radiative heat transfer law, Refs. [11,
35-40] obtained the analytical solutions of the optimization problems by replacing the radiative heat
transfer law by the so called pseudo-Newtonian heat transfer law [ q o (T *)(AT) ] approximately, which

is Newtonian heat transfer law with a heat transfer coefficient «(T?) as a function of the cube of the fluid

reservoir temperature. Sieniutycz [41] further investigated the maximum power output of multistage
continuous irreversible Carnot heat engine system with the non-linear heat transfer law [ qoc a(T")(AT)],
i.e. Newtonian heat transfer law with a heat transfer coefficient «(T") as a function of the n-times of the
fluid reservoir temperature. Li et al. [42] further investigated the problems of maximizing the power
output of multistage continuous endoreversible Carnot heat engine system with two finite thermal
capacity heat reservoirs and the pseudo-Newtonian heat transfer law. Xia et al. [43, 44] investigated the
maximum power output of the multistage continuous endoreversible [43] and irreversible [44] Carnot
heat engine system with the generalized convective heat transfer law [ qoc (AT)™], and obtained different
results from those obtained in Refs. [5, 7, 11, 13-22, 34-42]. On the basis of Refs. [5, 7, 11, 13-22, 34-
44], this paper will further investigate the maximum power output of multistage endoreversible Carnot
heat engine system, in which the heat transfer between the reservoir and the working fluid obeys the heat
transfer law [qoc a(T*")(A(T"))]. Based on the general optimization results, the analytical solution for
the case with pseudo-Newtonian heat transfer law (n=1) will be further obtained. While for the case
with the radiative heat transfer law (n=4), the continuous HJB equations will be discretized and the
dynamic programming (DP) method will be performed to obtain the complete numerical solutions of the
optimization problem.

2. System modeling and characteristic description

2.1 Fundamental characteristic of a single-stage stationary endoreversible Carnot heat engine

Each infinitesimal endoreversible Carnot heat engine as shown in Figure 1 is assumed to be a single
stage endoreversible Carnot heat engine with stationary heat reservoirs. Let the heat flux rates absorbed
and released by the working fluid in the heat engine be g, and q,, respectively. T, and T, are the

reservoir temperatures corresponding to the high- and low-temperature sides, respectively. T, and T, are

the temperatures of the working fluid corresponding to the high- and low-temperature sides, respectively.
Considering that the heat transfer between the reservoir and the working fluid obeys the radiative heat
transfer law, then

0= k1 (Tl4 _Tlfl)l 0, = kz (Tz“1 _TZA) (1)
where k, and k, are the heat conductances of heat transfer process corresponding to high- and low-
temperature sides, which is related to Stefan-Boltzmann constant and heat transfer surface area. If the

differences between T, and T, as well as T,. and T, are small, Eq. (1) can be further expressed as [45]

0, = 4k1T13 (Tl _Tl')a Q, = 4k2T23 (TZ' _Tz) (2)
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Eq. (2) can be regarded as Newtonian heat transfer law with a conductance as a function of T2, which is
called pseudo-Newtonian heat transfer law in Refs. [5, 31-36]. In order to compare optimization results
for these two different heat transfer laws, Egs. (1) and (2) can be expressed as

0, = (5 - n)k1T147n (Tln - TF)’ Q, = (5 - n)szan (Tzr] - Tzn) (3)

From Egs. (1)-(3), one can see that when n=1 Eq. (3) turns to be pseudo-Newtonian heat transfer law of
Eq. (2); when n=4, Eq. (3) turns to be Stefan-Boltzmann radiative heat transfer law of Eq. (1). Since the
heat engine is an end reversible one, one further obtains entropy balance equation from the second law of
thermodynamics as follows

k1T14_n (Tln _Tlt]) IT, = k2T24_n (Tzr'] _Tzn) IT, (4)
From Egs. (3) and (4), the power output P and the efficiency » of the heat engine are given by

P =0, -0, =q7n (5)
n=Plg,=1-q,/q,=1-T, /T, (6)

The main irreversibility of the endoreversible heat engine is due to finite rate heat transfer between the
working fluid and the reservoirs. Let the total entropy generation rate of the heat engine be o, one has

% % % T Ty G 7
o T T Tz(Tl- T1) Tz(nc ) (7)

According to Refs. [7, 11, 19, 20, 34-41, 43-44, 46], a variable T =T,T,./T,. is defined. Eq. (6) further
gives =1-T,/T , and the efficiency of the reversible heat engine, i.e. the Carnot efficiency, is given by
n. =1-T, /T, under the same conditions. The formula of » is very similar to that of 7., so the variable
T  is called the Carnot temperature in Refs. [7, 11, 19, 20, 34-41, 43, 44, 46]. Substituting T, =T,T, /T
into Eq. (4) yields

Tln _T n

AGRGHANCSRE ©

T, = [Tln

From T, =T,T./T , one further obtains the temperature T, of the working fluid corresponding to the
low-temperature side as follows

nT, [T, /T)" 11 o

Y e e ®
Substituting Eq. (8) into Eq. (3) yields the heat flux rate ¢,
_ B-mk (T =TT 10
L RTHT T (T) +1 (10)
Substituting n=1-T, /T and Eqg. (10) into Eq. (5) yields
__ Gk T o T 1
(lels)(Tl /Tl)ml / (szzs) +1( TI) (1)

ISSN 2076-2895 (Print), ISSN 2076-2909 (Online) ©2012 International Energy & Environment Foundation. All rights reserved.



362 International Journal of Energy and Environment (IJEE), Volume 3, Issue 3, 2012, pp.359-382

The total entropy generation rate o is obtained by substituting Eq. (11) into Eqg. (7), which is given by

4-n n 'n
o GoMRTO@ TN 11 (12)
KTHT /T (T,)+1'T T,

From Egs. (8)- (12), all of parameters of the heat engine can be expressed as functions of the Carnot
temperature T . If the optimal T  is obtained, the other optimal parameters of the heat engine can also
be obtained from T . Therefore, the optimization problem is simplified by choosing the Carnot
temperature T  as the control variable.

- dx -
T T+dr v
. . 1 1, +dT, G
ariing Mid -y e

environment I,

Figure 1. Model of a multistage continuous endoreversible Carnot heat engine system

2.2 The fundamental parameter relationships of a multistage continuous endoreversible Carnot heat
engine system

For a multistage continuous endoreversible Carnot heat engine system as shown in Figure 1, the driving
fluid at the high-temperature side is black photon flux. G is its molar flux rate, V is its volume flux rate,
C, is its molar constant volume heat capacity, and C, is its substitutional heat capacity. According to the

theory of thermodynamics of radiation [31-35, 41-45], the molar volume V, , molar constant volume heat
capacity C, and molar substitutional heat capacity are, respectively, given by

V. =3k Ac/(40,T?), C, =12k A, =12R,  C, =16k A =16R (13)
where k, is Boltzmann constant, A is Avogadro’s number, c is the velocity of light, o, is Stefan-
Boltzmann constant, and R is the universal gas constant. Then the molar flux rate G of the driving fluid
is given by

G=VIV,=No,T>/(3kAC) (14)

The molar heat capacity rates GC, and GC, of the photon flux are obtained by combining Eq. (13) with
Eq. (14), which are, respectively, given by

GC, =1&Vo, T’ /c, GC, =64 0,T>/(3c) (15)
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Let o and «, be the heat transfer coefficients corresponding to the high- and low-temperature sides,
respectively, a,, is the heat transfer area between the driving fluid per unit volume and the working fluid
of the heat engine at the high-temperature side, and F, is the driving fluid cross-sectional area,

perpendicular to x. The above parameters are all known for the real systems. For the radiative heat
transfer law, one has «, =o.¢,, Where & is the emissivity of the photon flux. The first law of

thermodynamics gives

g _ -GCdT, -GCdT, 64T} dT, (16)

k, aa,Fvdt o.a,eVdt 3cga,, dt

For the given integration section [r,,z,], the boundary temperatures of the driving fluid are denoted as
T,(z;)=T, and T,(z;)=T,, then the power output W and the entropy generation rate o, are,
respectively, given by

—j " GCpdT, = ”[—64\/“8 L(1- —)]dT =-[ ‘ [—64\"’B L (1- —)]Tdt (17)

Tii

3
64VUBT = 1 _Ti).rl]dt (18)
1

o 1 1 - uech
__L“ GCh(?—T—l)dTl =]

T

(=), - P

where T, =dT,/dz . The dot notation signifies the time derivative. The pressure p of the photon flux is a
function of the temperature T,, which is given by p=4c,T,*/(3c) according to the thermodynamics of
radiation. When effects of change of pressure p on the power output of the multistage heat engine
system are considered, another calculation expression of the power output W is given by [35-40]

W' =] elc, (1—%)+d—p]dT1
| (19)

3
:—V J'Tlf [16T1 (1 ) ]dT _ V J‘tf 64T 16(-:— Tz)Tdt

16Vo, T}, 1

! =—jT“ch(———>dT— J B - DT (20)

Refs. [35-40] calculated the maximum power output for the case with pseudo-Newtonian heat transfer
law based on Eq. (19). This paper will further considered two different cases with and without effects of
the pressure, and calculate the optimization results for radiative and pseudo-Newtonian heat transfer
laws. If the multistage endoreversible Carnot heat engine turns to reversible, Egs. (17) and (19) further
give

16Vo, (T ~T.5) 640, T,(Ty - Tj))

v, == N @)
erelv _ 16V Op (313 _T14f ) _ 16V O-BT23((;|—1? _T13f ) (22)

In Egs. (21) and (22), W, is the reversible power output performance limit. If T,, =T, further, Egs. (21)
and (22), respectively, become
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lEN o, T, 16Vo, T,
W I B l| _--""B i 23
[1- 3 T 3 (T EONE 'k (23)
16V o T, 16V o, T,
W 1 _--""B i 1| 1— B li 24
rev A%Iass 3 ( T1| ) 3C 77] ( )

n. and 7. in Egs. (23) and (24) are the named Petela’s efficiency and Jeter’s efficiency [47-51]. What
should be paid attention is that the form of the efficiency 7, derived by Jeter is the same as that of Carnot
efficiency. A, in Eq. (24) is called classical thermodynamic exergy of radiation photon flux. For the

endoreversible Carnot heat engine system considered herein, there exists loss of irreversibility due to the
finite rate heat transfer, and the high-temperature driving fluid temperature can not decrease to the low-
temperature environment temperature T, in a finite time, so the maximum value of Eq. (19) is smaller

than A,.. of Eg. (24) consequentially. Combining Eq. (10) with Eq. (16) yields

ar, _ BG-n)T(-T") (25)

dt TIRGTOT /T (K, T) +1]

where g =3cga,, /64 . Substituting Eq. (25) into Egs. (17) and (19) yields

(i Vo E-MT (T -T") T,

R R GRS 0
J-t.{64 16T, Vo-Bﬂ(5 T (T =T )}O|t 27)

3k ¢cT [(kT YT T (K, T +1]

3. Optimization
The problem now is to determine the maximum values of Egs. (26) and (27) subject to the constraint of
Eq. (25). The control variable is T' =T,T, /T, , and the inequality T,>T,>T, >T, always holds for the

heat engine, so one obtains T, <T <T,. This optimal control problem belongs to a variational problem

whose control variable has the constraint of closed set, and the Pontryagin’s minimum value principle or
Bellman’s dynamic programming theory may be applied. When the state vector dimension of the optimal
control problem is small, the numerical optimization conducted by the dynamic programming theory is
very efficient. Let the optimal performance objective of the problem be W__ (T,.7,,T,;,7,), and the

max( 1i?
admissible control set of the control variable T'(t) is denoted as Q. The performance objective of the
control problem can be expressed as follows

. t, .
W, (T, 8, Ty ) = MaX(W (7,8, T )] = e[ fo(T, T )] (28)

T (H)e
The Hamilton-Jacobi-Bellman (HJB) control equation of the optimization problem is

aV\./max ! anax ' _
T+TrT(]t?e)£(){f0(TllT )+ o, f(T,T,t)}=0 (29)

where f(T,, T ,t) corresponds to integrands in Egs. (26) and (27), and f(T,,T',t) corresponds to the right

term of Eq. (25). Then HJIB control equations corresponding to objectives of Eqgs. (26) and (27) are,
respectively, given by
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6Wn|1ax + max{[GC (1_T_) 6Wrrllax ﬂ(5 n)T4 n(-I;n -T" ) } 0 (30)
T oT, "TAMKTA(T IT)" 1 (k,T2) +1]

Wi Ty My AGE-nT (T -T")
ot TG, GCV 2 oT, "TAMKTHT /T (kT2 )+1]} 0 (1)

There are only analytical solutions of Egs. (30) and (31) for the special cases, while for the radiative heat
transfer law, one has to refer to numerical methods. Consider that the continuous differential equation
should be discretized for the numerical calculation performed on the computer, and then the discrete
equations are given based on Egs. (25)-(27), as follows

ezv%/}e (5-mT, n”[l(T) -(T" ]( —T—i)} (32)
clk, (T (T ITH™ (K, T2) +1] T

(W)—Z{

64 16T, VGB/S'H (5- n)(T NI = (THM
Z“{(30 CT' [k, (TOTTH (K, T,)+1] } (33)

Tli _ TlH = 3ﬁ(5 — in)3T14_: [(Tlii )nn_l_ (T ! )ns] (9i (34)
() T (1) (T /T 1 (kT ) +1]

t—tl=¢ (35)

The optimal control problem is to determine the maximum values of Egs. (32) and (33) subject to the
constraints of discrete Egs. (34) and (35). From Egs. (32)-(35), the Bellman’s backward recurrence
equations corresponding to Egs. (32) and (33) are, respectively, given by

64V 0, 40" (5T, "[(T))" —(T")"] (1-12y
e[k, (TP (T /T (kT +1] © T

WONT! 1) = ma{

max

36
+W(I)i—l(-|—i +0 ﬂ(S—n)T{‘ n[(Tl) —(T""] t—6')} (30)
e (TR (T T T (kT +1]°
W(II)I( t ) maX{(64 16 T )VUBﬂHI(S_ n-)(Tli_)‘l_n [(Tli)n — (Tl)n]
T e T W@ T (T4 37

WO g ﬂ(5—U)T14i‘n[(T1‘i)n—(T'i)n] RPN
T T Y K (T T T (k,TR) +1]

4. Analysis for special cases

4.1 For pseudo-Newtonian heat transfer law

When n=1, i.e. the heat transfer between the working fluid and the heat reservoir obeys pseudo-
Newtonian heat transfer law. From Appendix A, Refs. [11, 35-40] derived analytical solutions of
extremum power output and the optimal fluid temperature configuration based on pseudo-Newtonian
heat transfer law, i.e. Egs. (A12) and (A14). However, Egs. (A12) and (A14) were obtained based on the
condition that the total equivalent thermal conductance is a constant. This condition is very strictly,
which is due to that the total equivalent thermal conductance is a function of the reservoir temperature
T,. The temperature T, changes along the fluid flow direction, so the condition that the total thermal

conductance is a constant is difficult to hold. Thus there are also no analytical solutions for the case with
the pseudo-Newtonian heat transfer law, but some algebra equations related to the optimal solutions can
be obtained. Egs. (25), (30) and (31), respectively, become

dar, _ 48(T,-T)
dt [T/ (k,T)+1]

(38)
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8err|1ao< _ T 8\anmx 4ﬂ (T -T ) _

o medlee, -0 - T KT (kT " (39)
MW, T, 5Wni'ax 4T -T)

o maxdlee, GCV 2 o, kT kT (40)

When W, is chosen to be the optimization objective, maximizing the second term of Eq. (39) with
respectto T' yields

T =T, /1~ (GC,) (W, /aT,)] @

max

Substituting Eq. (41) into Eqg. (39) yields

YA
Mo, ___4PCCT, ¢ 7

ot [(k1T13)/(k2T23)+1]l —(GC,) (W, 10T)]-T,/T,¥ =0 (42)

The second term of Eq. (42) is the extremum Hamilton function H(T,, oW, /4T,)
. 45GC,T P
H(T, oW, /0T)= L {J[1-(GC,) (W 1dT)] /T, /T, ¥ 43
( 1 max 1) [(kl-l-lg) / (k2T23) +1] L\/[ ( h) ( max 1)] 2 1} ( )

From Eg. (43), one can see that H contains the variable ¢ inexplicitly, and the equation
dH/dr=6H /07 holds for the Hamilton function, so the Hamilton function is autonomous and
H(T,,0W. /0T,) keeps constant along the optimal path. Let the constant be h, and one further obtains

45GC, T, ~ 0 2
)] (kZT23)+1]{\/[ (GC,) (AW, 1 OT)] =T, /T, =h (44)

From Eq. (44), one obtains oW, /4T,, as follows

max

My, 0T, = GC{L-{hI(k, )/ (k,T7) +1]/ (4GC, BT,) + T, IT, ¥} (45)

Substituting Eqg. (45) into Eq. (41) yields

T =T hIKTY) / (k,TS) +11/ (4GC, BT,) + 1 (46)

Substituting Eq. (46) into Eqg. (38) yields

ar, 48Tk T2) / (k,T2) +11/ (4GC, AT,) @

dt (kT /(k,T)+1] [\/h[(lef) 1 (k,T,))+1]/ (4GC, AT,) +1]

For the given boundary conditions T,(t)=T, and T,(t;)=T,,, an equation related to the Hamiltonian
constant h is obtained by substituting GC, =64V &, T,/ (3c) into Eq. (47)

TLIKTY) / (k. T;) +1]
\J3p¢ch

(T2 =T+ ﬂln(T“/ )+jTT“{4‘NUB T, =t —t, (48)

12k2ﬂTz
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The Hamiltonian constant h corresponding to the objective W! is obtained from Eq. (48), and then
substituting h into Eq. (47). Eq. (47) becomes the problem of initial value of differential equation, and
the optimal temperature T, versus the time t is obtained.

When W.! is chosen to be optimization objective and though some mathematical derivations, the similar

equations to Eqgs. (47) and (48) are also obtained, which are, respectively, given by

dT, 48T, T2) 1 (k,T2) +11/ (4GC, AT,) (@9)
dt (kT (kT + 1]{\/h[(k1Tf) 1 (k,T,))+1]/ (4GC, AT,) + 13
k(TS -T) 1 1 W o TLIKT) /(T +1], -
12k2ﬂT2 Eln(Tlf / )+_[ { W }dTl _ti tf (50)
For the given boundary conditions T,(t)=T, and T,(t,) =T, , the Hamiltonian constant h corresponding
to the objective W is obtained from Eq. (50). And then substituting h into Eq. (49), and Eq. (49)

becomes the problem of initial value of differential equation, so the optimal temperature T, versus the

time t is also obtained.
What should be paid attention is that the above methods are only suitable for the case with the fixed final
driving fluid temperature T,,. While for the case with the free T,,, one has to refer to dynamic

programming algorithm (Figure 2).

R S R TWN

T? T3 T T’ T Ty

TR T A R T e O R/ ST O VT iV S

IT" T 7" TT'* [T'j [T""

Figure 2. The dynamic programming schematic plan of the multistage discrete endoreversible Carnot
heat engines [36]

4.2 For Stefan-Boltzmann heat transfer law
When n=4, i.e. the heat transfer between the working fluid and the heat reservoir obeys Stefan-
Boltzmann heat transfer law. Egs. (25), (30) and (31), respectively, become

ar, _ AT -TY) (51)
dt T2k, Tk, ) (T /T,)° +1]
Wnllax 64\/ GBT13 8Wmlax /H (T4 T)
o e s ) o TR )T T (52)
av(;/:;;x + max {[(64VGBT3 1V o, T} T) awni'ax] BT =T }-0 53)
T (0e0 3c c aT, "TI(k, Tk, )(T /T,)° +1]

There are no analytical solutions of Egs. (51)-(53) for the radiative heat transfer law, and one has refer to
numerical methods. For numerical calculations, Egs. (32)-(34), respectively, become

64V0-Bﬂ0 [(T ) -(™H"1 T,
3c[(k, [k )(T /T) +1] S T')} (54)

(W)—Z{
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- 64 16T, VJB/%' [, ) —(THY]
W Z{( 3c CT' [k, Tk )(TIT,)’ +l]} (59
-I—i _Ti—l _ ﬂ[(Tli)‘l_(Tli)A] 9i (56)

P M T )(TT) 4]

The Bellman’s backward recurrence equations corresponding to the objective functions W' and W" are,
respectively, given by

64V o, SO [(T,)* —(T‘i)“]( T, Ty

(ni i
Woa! (T, 7) =m {30[(k/k)(T T ¢ T

’ (57)
+W(I)|—1(Ti+9i _ ﬂ[(Tl) _(T ) ] ti—ﬁi)}
max (T1|)3[(kl/k2)(-|—'| /T2)3+1]5
Wn(];()'(Tl',z') max{(%_ET_ VUBﬂ‘g [(T ) (;r ) ]
(k /K)(TIT,) +1 (58)
W (T 40 fKTli)A_(..TIi)A]S -6}
(T YLk, TR )T HT,) +1]

5. Numerical examples and discussions
Refs. [43, 44] show that the maximum power output of the multistage heat engine system is
W =W,_ —T,o.. When the total process period is fixed (i.e. the total heat conductance of the driving

max ~— " 'rev

fluid at the high-temperature side is fixed), the final driving fluid temperature at the high-temperature
side can not decrease to the environment temperature, and there is a low limit value T, . With the

decrease of the final temperature T,,, both the reversible power output W and the total entropy
generation rate o, increase, so the relationship between W, and T,, is unknown. Since W, is the
continuous function of T,,, there is an optimal T,; during the closed section [T,,,T,] for W, to achieve

its maximum value. This was ignored in Refs. [5, 7, 11, 13-22, 34-42], which chose the low-temperature
environment temperature T, as the final temperature. The same analysis methods as Refs. [43, 44] are

adopted herein, and numerical solutions for the radiative heat transfer law [qoc A(T*)] are solved by

dynamic programming algorithm [52, 53] by taking the power output W' of the system for example.
Two different boundary conditions including fixed and free final temperatures are considered herein, and
optimization results for the radiative heat transfer law are compared with those for the pseudo-Newtonian
heat transfer law.

According to Refs. [35, 36], the following calculation parameters are set: the volume flow rate of the
high-temperature radiation photo flux is V =10'm®/s, the initial temperature is T, =5800K , the

environment temperature at the low-temperature side is T,=300K, the velocity of the light is
c=2.998x10°m/s, Stefan-Boltzmann constant is o, =5.66667 x10°W /(m?-K*), Avogadro’s number is
A =6.0221367 x10%(1/mol) , Boltzmann constant is k, =1.380658x10%J /K, the universal gas constant
IS R=kgA =8.314510J / (mol - K), the emissivity are ¢ =&, =1. The grid division of the time coordinate
is linear. Since B =3cea,, /64 and its unitis 1/s, o' is a dimensionless quantity and p¢' =0.15 is set
herein. Let k, =k, for the radiative heat transfer law, and k, =100k, for pseudo-Newtonian heat transfer
law.

5.1 Performance analysis for a single steady heat engine
Figure 3 shows the heat flux rate g, absorbed by the heat engine versus Carnot temperature T' for two

different heat transfer laws. From Figure 3, one can see that with the increase of Carnot temperature T,
the heat flux rate g, for the pseudo-Newtonian heat transfer law decreases linearly, while that for the

radiative heat transfer law decreases non-linearly; for the same Carnot temperature T', the heat flux rate
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g, for the pseudo-Newtonian heat transfer law increases with the increase of the heat conductance at the
low-temperature side. Figure 4 shows the efficiency » of the heat engine versus Carnot temperature T .
Since =1-T,/T , n increases with the increase of T', but its relative increase amount decreases, which
is independent of heat transfer laws. Figure 5 shows the power P of the heat engine versus Carnot
temperature T . From Figure 5, one can see that there is an extremum for P with respect to Carnot
temperature T', and the optimal Carnot temperatures T  corresponding to the maximum power output
for different heat transfer laws are different from each other; for the same Carnot temperature T', the
power P of the heat engine increases with the increase of the heat conductance at the low-temperature
side. Figure 6 shows the entropy generation rate o versus Carnot temperature T . From Figure 6, one
can see that the entropy generation rate o for different heat transfer laws decreases with the increase of
Carnot temperature T . Especially when Carnot temperature T is small, the entropy generation rate
decreases fast, and its change rate tends to be smoothly with the increase of Carnot temperature T . From
T =T,T./T, and when T =T, =300K , the heat-absorbed temperature T, of the working fluid in the
endoreversible Carnot heat engine is equal to its heat-released temperature T,., i.e. the limit Carnot cycle,
the heat flux rate g, absorbed by the working fluid is equal to that released, the heat engine efficiency »

is equal to zero as shown in Figure 4, the power output P of the heat engine is also equal to zero as
shown in Figure 5, and the entropy generation rate achieves its maximum value as shown in Figure 6.
While T =T, =5800K, the heat-absorbed temperature T, of the working fluid in the endoreversible

Carnot heat engine is equal to the high-temperature reservoir temperature T,, and the heat-released
temperature of the working fluid is equal to the low-temperature reservoir temperature T,, i.e. the
reversible Carnot cycle. The rate of heat absorbed g, is equal to zero as shown in Figure 3, the heat
engine efficiency achieve its maximum value and equals to the Carnot efficiency 7. =1-T, /T, as shown

in Figure 4, its power P is equal to zero as shown in Figure 5, and the entropy generation rate o is also
equal to zero as shown in Figure 6.
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Figure 3. The absorbed heat flux rate g, of the single-stage heat engine versus Carnot temperature T'
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Figure 4. The efficiency » of the single-stage heat engine versus Carnot temperature T
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Figure 5. The power output P of the single-stage heat engine versus Carnot temperature T
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Figure 6. The entropy generation rate o of the single-stage heat engine versus Carnot temperature T’
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5.2 Numerical examples for the multistage heat engine system with the radiative heat transfer law

5.2.1 For the fixed final temperature

When the final temperature T, is fixed, the reversible power output W, is also fixed, and then
optimization for maximizing power output is equivalent to that for minimizing entropy generation due to
W =W, - T,o, . In order to analyze effects of the final temperature T,, on the optimization results, the

final temperature is set to be T,, =500K , T,;, =1000K , and T,, =1500K . Figures 7 and 8 show the optimal
fluid temperature T, and Carnot temperature T' versus the time At. Figure 9 shows the optimal power
output W, of the heat engine versus the stage i . In Figures 7-9, the continuous lines denote the analytical

optimization results, while the discrete points denote the numerical optimization results. The total stage
N =100 of heat engines are shown with the step of 2 in Figures 7-9. Table 1 lists optimization results of
the key parameters of the multistage endoreversible heat engine system with the radiative heat transfer
law. From Figure 7, one can see that the driving fluid temperature T, decreases non-linearly with the
increase of the time At. From Figures 8 and 9, one can see that when T,, =500K and T,, =1000K , the

optimal Carnot temperature profiles consist of two segments: the heat engines in the former segment
have power output, while those in the latter segment have no power output due to T'=300K . What
should be paid attention is that the heat engines in the latter segment seem to be shortened so that the
fluid temperature at the high-temperature side decreases to the desired final temperature at the fast speed.
When T,, =1500K, there is power output for each stage heat engine. From Table 1, one can see that

when T,, =500K , one obtains T'(0)=981.1K and W__ =6.88x10°W ; when T, =1000K, one obtains
T'(0)=1020.7K and W_, =7.05x10°W; when T, =1500K, one obtains T'(0)=1040.0K and
W__ =7.13x10°W , i.e. both the initial Carnot temperature T'(0) and the maximum power output W__
increase with the increase of the final temperature T,,. Both the maximum power output of the

multistage heat engine system with the radiative heat transfer law and the corresponding optimal control
are different for the cases with different final fluid temperatures. From the above analysis, the boundary
temperature change has significant effects on the power output optimization results of the multistage heat
engine system.
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Figure 7. The optimal driving fluid temperature T, versus the dimensionless time gt for Newtonian heat
transfer law (fixed T,,)
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Figure 8. The optimal Carnot temperature T' versus the dimensionless time At for Newtonian heat
transfer law (fixed T, )
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Figure 9. The optimal power output W, of each stage heat engine versus the stage i for Newtonian heat
transfer law (fixed T,;)

Table 1. Optimization results of the key parameters of the multistage endoreversible heat engine system
with the radiative heat transfer law

Key parameters | T'(0) Wi
Fixed T, T,, =500K 981.1K 6.88x10°W
(t,=150s) T,, =1000K 1020.7K 7.05x10°W
T,; =1500K 1040.0K 7.13x10°W
Key parameters T T'(0) W
Free T, ﬁef =0.10 2626.9K 937.4K 6.57 x10°W
B6 =0.15 2286.0K 1070.2K 7.19x10°W
6 =0.30 1770.6K 1346.9K 8.09x10°W
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5.2.2 For the free final temperature
When the final temperature T,, is free, both the reversible power output W, and the entropy generation

rate o, increase with the decrease of the final temperature T,,. When T,, =T, the minimum entropy

generation is equal to zero, and optimization for maximizing power output is not equivalent to that for
minimizing entropy generation. In order to analyze effects of change of the total time on the optimization
results, the infinitesimal dimensionless time is chosen to be p6'=0.10, p¢' =0.15, and p&' =0.30.
Figures 10 and 11 show the optimal fluid temperature T, and optimal Carnot temperature T' versus the
dimensionless time gt , respectively, and Figure 12 shows the corresponding optimal power output W, of

each stage heat engine versus the stage i. From Figures 10 and 11, one can see that both the fluid
temperature T, and Carnot temperature T' decrease nonlinearly with the increase of the time pt;, both

the optimal final temperature T,; and Carnot temperature T' decrease with the increase of the
infinitesimal dimensionless time £6'. From Table 1, one can see that when p6' =0.10, one obtains
T, =2626.9K, T'(0)=937.4K and W, =6.57x10°W ; when p6#'=0.15, one obtains T, =2286.0K,
T'(0)=1070.2K and W, =7.19x10°W ; when 4¢' =0.30, one obtains T,; =1770.6K , T'(0) =1346.9K and
W, =8.09x10°W , i.e. with the increase of p¢', the final temperature T,; increases, the initial Carnot
temperature T'(0) increases, and the maximum power output W' of the system increases. From Figure
12, one can see that the power output W, of each stage heat engine decreases with the increase of the
stage i, which is due to that the driving fluid temperature T, decreases with the increase of the time gt ;
when the stage i is small, the power output W, increases with the increase of 46', while the stage i is
relative large, the power output W, decreases with the increase of p¢', i.e. the optimal distributions of
the power output W, along the stage i are different for different total time constraints. This shows that

the change of the total time constraint has significant effects on the power output optimization results of
the multistage heat engine system.
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Figure 10. The optimal driving fluid temperature T, versus the dimensionless time At for Newtonian
heat transfer law (free T,;)
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Figure 11. The optimal Carnot temperature T' versus the dimensionless time At for Newtonian heat
transfer law (free T, )
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Figure 12. The optimal power output W, of each stage heat engine versus the stage i for Newtonian heat
transfer law (free T,,)

5.3 Comparison of the optimization results with different heat transfer laws

5.3.1 For the fixed final temperature T,,

When the final temperature is fixed, let f9' =0.15 and T,, =500K . Figure 13 shows the optimal fluid
temperature T, and Carnot temperature T' versus the dimensionless time pt for the fixed final
temperature and two different heat transfer laws, and Figure 14 shows the corresponding optimal power
output W, of each stage heat engine versus the stage i. From Figure 13, one can see that the fluid
temperature for the radiative heat transfer law is lower than that for the pseudo-Newtonian heat transfer
law, and the optimal Carnot temperatures for two different heat transfer laws are not equal at the same
time. From Figure 14, the power output of each stage heat engine for the radiative heat transfer law is
smaller than that for the pseudo-Newtonian heat transfer law. This shows that heat transfer laws have
significant effects on the maximum power output of the multistage heat engine system for the fixed final
temperature.
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Figure 13. The optimal driving fluid temperature T, and optimal Carnot temperature T' versus the
dimensionless time gt (fixed T,,)
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Figure 14. The optimal power output W, of each stage heat engine versus the stage i (fixed T,,)

5.3.2 For the free final temperature T,,

When the final temperature is free, let 86' =0.15. Figure 15 shows the fluid temperature T, and Carnot
temperature T' versus the dimensionless time At for the free final temperature and two different heat

transfer laws, which includes the optimization results for the pseudo-Newtonian and radiative heat
transfer laws, and stage-by-stage optimization (i.e. the first stage is optimized, and then the second stage
is optimized, such-and-such repetition) results for the radiative heat transfer law. Figure 16 shows the
corresponding optimal power output of each stage heat engine versus the stage. From Figure 15, one can
see that the optimal fluid temperature for the radiative heat transfer law is higher than that for the pseudo-
Newtonian heat transfer law, which is contrast to that for the fixed final temperature, but the optimal
Carnot temperature for the pseudo-Newtonian heat transfer law is still higher than that for the radiative
heat transfer law; the fluid temperature for the stage-by-stage optimization strategy with the radiative
heat transfer law decreases fast, and the final temperature is approximate equal to the environment
temperature. From Figure 16, one can see that the power output of each stage heat engine for the pseudo-
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Newtonian heat transfer law is larger than that for the radiative heat transfer law; the power output of
each stage heat engine for the stage-by-stage optimization strategy with the radiative heat transfer law
decreases fast with the increase of the stage i, while the power output distribution of each stage heat
engine along the stage i for the optimal strategy is relative uniform. Calculation results show that the
total power output of the system for the stage-by-stage optimization strategy is 3.71x10°W , while that for
the global optimization strategy is 7.19x10°W , i.e. the total power output after optimization is increased
by nearly 93.8% . This shows that both heat transfer laws and boundary condition change have
significant effects on the maximum power output of the multistage heat engine system for the free final

temperature.
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Figure 15. The optimal driving fluid temperature T, and optimal Carnot temperature T"' versus the time
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Figure 16. The optimal power output W, of each stage heat engine versus the stage i (free T,;)

ISSN 2076-2895 (Print), ISSN 2076-2909 (Online) ©2012 International Energy & Environment Foundation. All rights reserved.



International Journal of Energy and Environment (IJEE), Volume 3, Issue 3, 2012, pp.359-382 377

6. Conclusion

On the basis of Refs. [5, 7, 11, 13-22, 34-44], this paper further investigates the multistage
endoreversible Carnot heat engine system operating between a finite thermal capacity high-temperature
fluid reservoir and an infinite thermal capacity low-temperature environment with the heat transfer law
[goca(T*™)(A(T"))]. Optimal control theory is applied to derive the continuous HIB equations, which

determined the optimal fluid temperature configurations for maximum power output under the conditions
of fixed duration and fixed initial temperature of the driving fluid. Based on universal optimization
results, the analytical solution for the pseudo-Newtonian heat transfer law [qoc a(T?)(AT)] is also

obtained. Since there are no analytical solutions for the radiative heat transfer law [qoc A(T*)], the

continuous HJB equations are discretized and the dynamic programming algorithm is adopted to obtain
the complete numerical solutions of the optimization problem. Numerical examples for the radiative heat
transfer law and two different boundary conditions including the free and fixed final temperatures are
given, and the obtained results are also compared with those for the pseudo-Newtonian heat transfer law
and the results for the stage-by-stage optimization strategy. The results show that when the final fluid
temperature is fixed, optimization for maximizing power output is equivalent to that for minimizing
entropy generation rate, besides, if the process period tends to infinity, the maximum power output of the
multistage endoreversible heat engine system tends to its reversible power performance limit; when both
the process period and the final fluid temperature are fixed, there is an optimal control strategy for the
power output of the multistage heat engine system to achieve its maximum value, and the maximum
power output and the corresponding optimal driving fluid temperature configuration are different for
different final fluid temperature; when the final fluid temperature is free, optimization for maximizing
power output is not equivalent to that for minimizing entropy generation rate, however, if the process
period is fixed further, there is an optimal final fluid temperature for the power output of the multistage
heat engine system to achieve its maximum value, the total time constraint has effects on the optimal
driving fluid temperature configuration, the maximum power output and the corresponding optimal
control strategy; when the process period and the final fluid temperature tend to infinity and the
environment temperature, respectively, the maximum power output of the multistage endoreversible heat
engine system tends to the classical radiation thermodynamic exergy function; both the maximum power
output of the multistage heat engine system and the corresponding optimal fluid temperature
configuration for the radiative heat transfer law are significantly different from those for the pseudo-
Newtonian heat transfer law, and the power output for the global optimization strategy with the radiative
heat transfer law is 93% larger than that for the stage-by-stage optimization strategy. The obtained
results can provide some theoretical guidelines for the optimal designs and operations of solar energy
conversion and transfer systems.

Appendix A
The dimensionless time 7 is defined as follows:

7= [T/ (k,T,) +10t/ (4) (Al)

Egs. (25), (30) and (31), respectively, become

dT, /dz=T"'-T A2
1 1

aV\'/niax T2 aWn!ax ! _

TJFT”?&)S(){[GC“ (1—F) _6—T1] (T,-T)}=0 (A3)

aV\./n‘lllax TZ aWn:Lx 1

7+ Tﬁ(‘t?;(){[(GCh -GG, ?) _a—.l.l](Tl -T)}=0 (A4)

(@) W!_ is chosen to be optimization objective

Maximizing the second term of Eq. (A3) with respectto T' yields
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T =TT, /1-(GC,) (oW, /T,)] -

Substituting Eq. (A5) into Eq. (A3) yields

a\g—mlau {GCth{\/[l— (GC,) ™ (eW. 18T,)]1- T, /Tl}z} =0 (AB)
T

The second term of Eq. (A6) is the extremum Hamilton function H(T,,6W,. /4T,)

H (T, Wiy, /0T,) = GC, TAIL- (GC,) (W, / OT)] - T, /T, (A7)

From Eqg. (A7), one can see that H contains the variable ¢ inexplicitly, and the equation
dH/dr=¢6H /07 holds for the Hamilton function, so the Hamilton function is autonomous and
H (T, 0W.. /0T,) keeps constant along the optimal path. Let the constant be h, and one further obtains

GC,T{{IL- (GC,) (W, 1 aT)] T, /T,¥ =h (A8)

Solving Eq. (A8) for ow!_ /4T, yields

max

oW,

max

16T, =GC {L-{/h/(GC,T)) + T, /T,.}} (A9)

Substituting Eq. (A9) into Eq. (A3) yields

: T
T o 1 A10
Jh/(GC,T,)+1 (AL0)
Substituting Eq. (A10) into Eq. (A2) yields
dr, -Jh/(GC,T,) . (AL1)

dr Jh/(GC.T,)+1 "

Since T,(z;)=T,, substituting GC, =64Vo,T}/(3c) into Eq. (All) and then integrating it yields the
optimal working fluid temperature T, versus the time z:

16 Vo,T
-3 /%hzaf’z ~T)-In(T, /T =7 -7, (Al2)

Substituting Egs. (A10) and (All) into Eq. (18) yields

v 16 [Woy s —a
i T 7T Al3
O 3 3T, 1i 1) ( )

The maximum power output W!_is given by

_ 16V o5 (T = T,7) _ 64V ogT, (Tli3 _T13f ) 16T, hv Og 32
mex 3c 9 3 \ 3T, "

=w'

- Tlilz )

(Al4)

-T,0,
Egs. (A12)-(A14) coincides with the results obtained by variational calculus in Refs. [11, 35-40].
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(b) W! is chosen to be optimization objective

max

Maximizing the second term of Eq. (A4) with respectto T' yields

T'=GC,T,T, /[GC, — (oW, /4T,)] (A15)

Substituting Eq. (A15) into Eq. (A4) yields

awll

o +{/[GC, - (aW.", /8T,)IT, - /GC,T,¥* =0 (A16)

The second term of Eq. (A6) is the extremum Hamilton function H(T,,owW" /4T,)

max

H(T,, oW /8T,) ={[GC, — (oW, /aT,)]T, —/GC, T, ¥* (A17)

From Eg. (Al17), one can see that H contains the variable z inexplicitly, and the equation
dH/dr=¢6H /07 holds for the Hamilton function, so the Hamilton function is autonomous and
H (T, oW /0T,) keeps constant along the optimal path. Let the constant be h, and one further obtains

{JIGC, — (W, 1T)IT, - JGC, T, ¥ = (A18)

Solving Eq. (A18) for ow! /aT, yields

max

W! 18T, =GC, —(vh+./GC,T,)? /T, (A19)
Substituting Eq. (A19) into Eq. (A15) yields

Tl

"1+ Jn/(GC,T,)

Substituting Eqg. (A20) into Eq. (A2) yields

R IEHA)
dT, /dr = —m+lTl (A21)

Since T,(z,) =T, , substituting GC, =16V, T,’ /¢ into Eq. (A21) and then integrating it yields the optimal
working fluid temperature T, versus the time 7 :

(A20)

_% ViB (T2 -T2 = In(T, /T, =7-71, (A22)

Substituting Egs. (A20) and (A21) into Eqg. (20) yields

ol = 8 Vo'B

! 3 (T 3/2 _ 3/2) (A23)

The maximum power output W! is given by
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W :16\/0-3(1-1?_T14f)_16V.O'BT2(T1i3_T13f)_E VO'Bh (-l-g/z_-l—alz)
e 3c 3c 3\ct, " M (A24)
=W! -T,o!
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