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Abstract 

Dynamic behavior of cracked functionally graded (FG) pipe conveying fluid lying on visco-elastic 

foundation is investigated in this paper. The crack is demonstrated as a massless torsional spring. The 

properties of the material are changed constantly across the micro-pipes thickness and depend on power 

law distribution. Efficient numerical procedure by Galerkin’s method is developed to find the natural 

frequencies and stability for cracked FG pipe. The effects of cracks location, depth of crack, gradient index, 

and foundation parameters in FG pipes conveying fluid with certain flow velocity on frequencies are 

investigated. The present method is carefully checked by comparing their results for cracked pipe 

conveying fluid with the available results in literature. From the comparison, a reasonable agreement was 

found (i.e. the maximum discrepancy percentage was 1.5%). The results indicated that the fundamental 

natural frequency decreased due to the crack presents. Also, the flow velocity for FG pipe increased with 

gradient index increasing. 

Copyright © 2018 International Energy and Environment Foundation - All rights reserved. 
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1. Introduction 

The dynamic behavior of pipe convey fluid have been widely range of palliations due to its extensive in 

different application such as industries, petroleum, chemical, aerospace, gasoline transportation systems, 

biological engineering systems, heat exchanger, and Nano-fluidic devices [1]. These pipes are subjected 

to various damages during their service life, such as corrosion, internal pressure, and fatigue. Therefore, 

the investigation into the presence of a crack in the pipeline is important, especially if the pipeline carries 

oil or petrochemical fluids. When a crack is present in a structure, changes in the vibrational frequencies 

occurs as a result of this cracking. Therefore, the dynamic behavior of cracked pipe containing fluid has 

been studied by researchers in past decades. 

Crack detection in fluid-conveying pipes utilizing a vibration-based approach was presented by Mahjoob, 

M. et al [2] with the FIM and experiments approach. Crack is modeled by some rigidity reduction in the 

element incorporating the crack. With this modeling approach, the crack position can be related to changes 

in natural frequencies through a straightforward relation. Son, I. S, et al. [3] proposed the numerical method 

for studying the dynamic stability of a rotating (clamped-free) pipe convey fluid with a crack and tip mass. 

The results presented that the critical fluid velocity is reduced when the tip mass is increased. Kwan et al. 

[4] studied the effect of attached mass and crack on the dynamic stability of an elastically restrained fluid-
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conveying pipe. They studied the critical flow velocity for the flutter and divergence due to the variance 

in the position and stiffness of supported spring. The results for crack severity increases, the critical flow 

velocity becomes larger when the spring position existed in the center of the pipe. Sheng et al. [5] 

investigated the vibration stability of fluid-conveying pipe with crack and lying on an elastic foundation 

subjected to the follower force. The effects of elastic foundation stiffness, follower force, and crack 

location on the stability of the pipes were analyzed. Results showed that the stiffness of the elastic 

foundation can perform the pipes stability effectively. Eslami et al [6] studied the effect of crack location 

and depth of the crack on vibration behavior of pipe conveying fluid with clamped at both ends. The results 

showed that increased crack depth improves flexibility, so the local stiffness reduced the location of crack. 

This leads to a reduction of both vibration frequency and critical fluid flow of the pipe with crack. Muhsin 

et al. [7] suggested experimental and numerical techniques to study the effect of cracks on the vibration 

frequency of fluid -conveying pipe with simply supported end conditions. Crack depth was investigated 

with different flow velocity values. They were found that the natural frequency of the pipes decreases when 

the crack depth is increased. Furthermore, the mechanical behavior of FGM structure has been excessively 

studied by researchers in past decades. But the literature related to the dynamics of fluid-conveying FGM 

pipes are few. Sheng and Wang [8] investigated the effect of axial and thermal loads on vibration behavior 

of flowing fluid FG cylindrical shells embedded in elastic medium. From the result, it can be seen that the 

natural frequency of FGM cylindrical shell conveying fluid was decreased as the temperature variation 

between the inner surface and the outer surface and the axial load's increase. Effect of axial load and 

temperature field on the stability of fluid-conveying cantilever FGM pipes was investigated by Hosseini, 

M and Falahzadeh, S. A. [9] using extended Galerkin's method. Liang et al [10] demonstrated the in-plane 

free vibration frequency of the fluid-conveying FG curved pipes. Complex mode method was used to study 

the first four vibration frequencies. Generalized the integral transformation technique was used to discuss 

the dynamic behavior of axially FG pipes with flowing fluid by ZHU, C. G, and Si-Peng X. U [11].  

Dynamic behaviors of fluid- conveying FG pipe with multi-span using the DSM was investigated by Deng 

et al. [12]. Nonlinear vibration and post-buckling of a fluid-conveying FG pipe were studied by Tang, et 

al. [13]. They found that nonlinear frequency increased with initial amplitude, but decreased with flow 

velocity. 

Through the above literature, the dynamic behavior of fluid-conveying FGM pipe with crack has not been 

studied. Therefore, dynamic behavior for fluid-conveying FG pipe lying on a viscoelastic foundation with 

open edge crack is investigated in this paper. The governing equation is derived by using energy 

Hamilton’s principle with Euler-Bernoulli model. Galerkin's method is developed to find the vibration 

frequencies and stability of the cracked FG fluid conveying pipe for simply supported end conditions. The 

results computed by Galerkin's method are compared with those in a published literature to verify the 

current method. The effects of different parameters like as a crack depth and location, viscoelastic 

foundation parameter, volume fraction n, and dimensionless flow velocity on the stability and free 

vibration of cracked FGM pipes conveying fluid are discussed. 

 

2. Mathematical formulation 

Figure 1 explains the schematic of the fluid-conveying FG pipe resting on a visco-elastic foundation with 

crack presence. L is the length of pipe, u refers to flow velocity cx is crack location.  , and b2 are the 

half-angle of the total crack depth (the crack severity will be indicated by   /c  as percentage) and 

the length of a crack, respectively. Do is outside diameter, Di inside diameter, ha /  is size of crack, and 

 is the angle between the centerline. 

The effective material properties are given by [14]: 
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where (k) is the normal coordinate across the wall thickness (−h/2 ≤ k ≤h/2), )(kE  
and )(k is the 

effective modulus of elasticity, the effective density, respectively and ( v ) is the Poisson's ratio which is 

considered constant. 

In order to find the frequency equation for cracked pipe, firstly the pipe is divided in two segments at 

cracked section. The crack unit is simulated as shown in (Figure 2) as a spring twist that connects un-

cracked FG pipe sections on both sides.  

 

 
(a) 

 

 
(b) 

 

Figure 1. (a) Schematic diagram of FG pipe conveying fluid lying visco-elastic foundation with crack; 

(b) Circular hollow cross-section of the cracked section. 

 

 
 

Figure 2. Model of crack of FGM pipe and Rotational spring model. 

 

And, then, the vibration equation is derived using energy principle and the variation approach. To this end, 

the kinetic energy of the internal fluid flow fT  is expressed as follows: 
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where fm  is represented the mass density for fluid, and  
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The kinetic energy for the cracked FG pipe conveying fluid can be expressions as 
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where pm  is represented the effective mass of pipe, and can be written as  
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To drive the expression of strain energy, assuming that the pipeline is elastic, and the stress – strain relation 

is given by: 
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The transverse displacements along ),( txu is written as follows 
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The axial strain for small deformation assumption is written as: 
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Then, the expression of strain energy for FG pipe is obtained as: 
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Or, 
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Now, substituting Eqs (9) and (11) into equation (13), and perform some manipulation, the bending strain 

energy is expressed in terms of pipe deflection as follows: 
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where α is the flexural stiffness for FGM pipes, and it can be written as: 
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The virtual work done by the external transverse forces 
extF  exerted on the cracked FG pipe by the visco- 

elastic foundation can be calculated as: 
 

















































  dxwK

t

w
C

x

w
KdxwK

t

w
C

x

w
KW

L

x
mds

x

mds

ext

c

c

2

2

2

2

2

0
1

1

2

1

2

 (17) 
 

The dynamic version of a virtual displacements principle's or Hamilton’s principle is 
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Substituting Eqs (6), (14), and (17) into equation (18), integrating by parts and presenting the coefficients 

of ( w ) zero, leads to the vibration equations for two segment of cracked FG pipe as follows: 
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The vibration equations of motion for cracked FG pipe convey fluid in terms of dimensionless form may 

be written as: 
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And, the non-dimensional form of FG cracked pipe is given as: 
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3. Crack modeling 

The additive strain energy produced by the crack can be represented as a flexibility coefficient expressed 

by the stress intensity factor, which can be obtained by the Castiglione theory. Therefore, the crack local 

flexibility is defined by [15]. 
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where ji PP ,  and iju  are the load and a local additional displacement, respectively.  

The strain energy function J is [16]: 
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And ( IK ) is a stress of intensity factors for bending is given by 
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The function )(F is given by [17] 

 

 
 

  
  







 


2/cos

2/sin1199.0923.0

2/

2/tan
)(

4








F  (27) 

 

For an FGM pipe with an open edge crack under bending, the analytical solution for equivalent rotational 

spring stiffness tK is related to the flexibility C by [18]. 
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where C is local flexibility of crack and can be written as [17]  
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and, the local flexibility of crack in non-dimensional form is: 
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4. Mode shape assumption 

The mode shape function of the cracked FG pipe can be expressed as the sum of the formation function of 

the un-cracked FG pipe and the polynomial of x, expressed as follows [19]. 
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The eight constants nA  and nB  (n = 0, 1, 2, 3) in the above formulas (31) can be acquired by applying 

both the end conditions for pinned FG pipe and the compatibility conditions at the crack position.  

The derivatives of Eqs (31a) and (31b) are: 
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The continuity and compatibility conditions of the cracked FG pipe with Pinned at both ends at cxx   
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The boundary conditions of the Pinned – Pinned FG pipe are: 
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Substituting equations (21) and (22) into equations (23) and (24), yields: 
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And, the standard' mode functions for P-P pipe are; 
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By coupling the continuity, compatibility and boundary conditions of the P-P FG pipe, the mode shape 

function it is obtained as: 
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5. Application of Galerkin's method 

In order to solve the vibration equation (Eq. (28)), Galerkin's method is applied to discretize the partial 

differential equation (PDE) to an ordinary differential equation (ODE). By using the Galerkin's method, 

the lateral displacement function W (x, t) of the FG pipe can be assumed as: 
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where )(r  and )(rq are the shape functions and the generalized coordinates, respectively. Substituting 

Eqs (40) into equation (20)), yields 
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Multiplying Eqs (41) by the boundary residual value function )(s , )2,1( s and integrating along the 

whole span of the pipe and setting the final result to zero, give; 
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In order to facilitate the solution of the eigenvalues, the Eqs (42) of the cracked FG pipe is converted into 

the following form: 
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For complex modal analysis, there are:  
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where f  is the complex eigenvalue. 

And  
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Substituting the Eqs (38) into Eqs (37) to solve the above eigenvalue problem, the vibration frequency of 

the cracked FG pipe can be obtained. 

 

6. Results of vibration for cracked FG pipe 

The analytical results of the cracked FG pipe conveying fluid using Galerkin's method are investigated. 

Also, in this section, the effects of crack depth, the crack position, gradient index k and parameter of visco-

elastic foundation into the fundamental natural frequency of the FG pipe carrying fluid are discussed. 

Firstly, to examine the validity of the obtained results, the problem of a simply supported cracked 

homogenous pipe without foundation is considered. The frequency ratio for different crack depth and 

location are considered and comparison between present and with those obtained by Jweeg M. J. e t. [7] 

for the first mode are given in Table 1, Table 1 shows that the values of the natural frequency ratio agree 

with the previous ones in [7]. The frequency ratio is defined as: 
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Table 1. Frequency ratio for different crack depth and location for cracked homogenous pipe. 

 

Crack depth ratio a/h Crack position 25.0cx  Error% Crack position 5.0cx  Error% 

Present Ref.[7]  Present Ref.[7]  

0.3 0.97324 0.97577 0.26 0.94723 0.95837 1.17 

0.5 0.93301 0.94309 1.08 0.90320 0.91303 1.08 

0.7 0.91250 0.92358 1.2 0.83254 0.84523 1.5 

0.9 0.88923 0.89194 0.3 0.82743 0.83125 0.46 
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6.1 Effect of the crack depth 

Crack depth effect on vibration frequency and frequency ratio for pinned FG pipe with different 

dimensionless flow velocity and cracks location is presented in this subsection. 

The influence of crack depth ratio on dimensionless frequency for the first mode of fundamental 

eigenvalues for (P-P) end conditions FG pipe with dimensionless fluid velocity are shown in Figure 3. The 

results are presented for different shear foundation parameter ha / , 3.0/ ha , 5.0 , and 7.0 . 

)1,01.0,01.0,01.0(  kKCK sdm , is used for numerical computation. The results showed that the 

first frequency decreases with increasing crack depth. 

 

 
 

Figure 3. Effect of crack depth (a/h) on the first mode frequency for (P-P) boundary condition. 

 

Figure 4 demonstrates the influence of crack depth ratio ha /  on the lowest two mode frequency ratio of 

the (simply supported) FG pipe conveying flow versus crack location. The results are offered for different 

crack depth ratio, ha / = 0.3, ha / = 0.5 and ha /  = 0.7. In this case, 50mK , 20sK , 10dC  and 

gradient index 1k . According to Figure 4, the depth of crack tends to decrease the bending stiffness of 

the FG pipe convey flow. The frequency ratio with curves of crack location is symmetric for geometrically 

symmetric structures such as hinged-hinged. When the crack is in the midpoint of the pinned-pinned FG 

pipe, the frequency ratio is minimum. 

 

  
 

Figure 4. Crack depth (a/h) effect on first two frequency ratio for (P-P) boundary condition. 
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6.2 Effect of the gradient index (k) 

This subsection presents the effect of the gradient index (k) on frequency ratio of simply supported FG 

pipe with different crack depth ratio. Figure 5 presents the infllunce the gradient index (k) on lowest three 

frequency ratio for pinned-pinned cracked FGM pipes versus crack depth ratio). Here, the results are 

presented for different gradient index, k = 1, k = 3 and 5. In this case, 50mK , 20sK , 10dC ,

25.0cX and 1u . As predictable, when the gradient index is increased, the frequency ratio is 

increased. 

 

 

 
 

Figure 5. Effect of gradient index (k) on lowest three frequency ratio for (pinned-pinned) FG pipe. 

 

Figure 6 shows the influence the gradient index (k) on first fundamental frequency for pinned cracked FG 

pipe versus crack location. Here, the results are presented for different gradient index, k  = 0, k  = 1, k  = 

3 and 5. In this case, 50mK , 20sK , 10dC , 5.0/ ha  and 1u . Results indicate that the first 

frequency is increased as the gradient index is increased. As it can be seen, the location of the crack has a 

significant influence on the first frequency. Results indicate that the first frequency minimizes as 5.0cx  

for pinned FG pipe. When the crack is in the midpoint of the pinned-pinned FG pipe, the first frequency is 

minimum. 

 

6.3 Effect of flow velocity  

This subsection shows the effect of the flow velocity on fundamental frequency of (P-P) FG pipe versus 

crack position. Figure 7 presents the infllunce of dimenssionless flow velocity (u) on dimensionless 

fundamental frequency for cracked FGM pipes at 01.0mK , 01.0sK , 01.0dC , 5.0cx  and 
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5.0/ ha  for three boundary condition (pinned-pinned, clamped-clamped, clamped-free) boundary 

condition. Here, the results are presented for different dimensionless crack depth, k = 1, k = 3 and 5. In 

this case, 50mK , 20sK , 10dC , 25.0cx  and 1u .. As it is seen from Figure 7, the first 

frequency is decreased as dimensionless flow velocity is increased. 

 

 
 

Figure 6. Effect of crack location on first dimensionless frequency with different gradient index for (P-P) 

boundary condition. 

 

 
 

Figure 7. Effect of dimensionless flow velocity (u) on the dimensionless fundamental frequency for (P-P) 

boundary condition. 

 

6.4 Effect of Viscoelastic Foundation parameter on cracked FGM pipe 

This subsection demonstrated the effect of viscoelastic foundation parameter on natural frequency of 

simply supported end conditions of FG pipe with different dimensionless flow velocity. Figure 8 illustrates 

the effect of viscoelastic foundation parameter ( ,, sm KK  and dC  ) on the real and imaginary parts of system 

eigenvalues for pinned FG pipe conveying flow.  

Figure 8(a) presents the first imaginary frequency and damping parts of fundamental eigenvalues for 

pinned FG pipe with different non-dimensional elastic modulus Km=0, 50 and 100. In this case, Ks =20, 

Cd=10, xc =0.25, a/h=0.5, and gradient index k =1. From this figure, it is seen that the vibration frequency 

increase as an increase in elastic modulus 

 On the other hand, the effect of shear modulus on the real and imaginary dimensionless frequency of the 

P-P FG pipe conveying flow is illustrated in Figure 8(b). Results are offered for different non-dimensional 

shear parameters, sK  = 0, sK = 10 and sK = 20. In this case, Km=50, Cd=10, xc =0.25, a/h=0.5, and 

gradient index k=1. The shear coefficient can be expected to have a function similar to the mass of the 
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system, with an opposite effect (because of the negative signal). Thus, adding the shear coefficient is 

similar to removing some system mass. Note that, with increased shear modulus, the resonance frequencies 

are also increased. According to the above explanation for the increased shear coefficient, more mass is 

removed from the system and thus increased resonance frequencies 

Figure 8(c) shows the effect of the damping factor on the real and imaginary dimensionless frequency of 

P-P FG pipe conveying flow. The results are offered for different values of the damping parameters, Cd=0, 

Cd = 10 and Cd = 20. In this case, Km=50, Ks=10, xc =0.25, a/h=0.5, and gradient index k=1. It was noted 

that with the increase of the damping factor, the system was damped, resulting in lower vibration 

frequencies for all modes. 

 

  
(a) 

 

  
(b) 

 

  
(c) 

 

Figure 8. Viscoelastic foundation parameter effects on the real and imaginary dimensionless frequency of 

P-P FG pipe; (a) elastic foundation parameter, (b) shear parameter, and (c) damping parameter. 
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Figure 9 exhibits the lowest natural frequency as functions of the crack location with different elastic, 

shear, and damping parameter for viscoelastic foundation, respectively. The lowest natural frequency is 

sensitive to crack location and is decreased when the crack gets near to pipe midpoint. Also, the influence 

of the crack tends to be very small as the crack gets closer to the pipe ends. Also, it is seen from Figure 9, 

by increasing the elastic, and the shear parameter, the lowest natural frequency is increased, while by 

increasing the damping parameter, the lowest natural frequency is decreased. 

 

 

  
 

Figure 9. The first natural frequencies of the pinned FGM pipes conveying fluid as functions of crack 

location with different foundation parameter. 

 

7. Conclusion 

In this paper, the dynamic behavior of cracked FG pipe conveying flow on visco-elastic foundation is 

studied. Based on the Euler-Bernoulli beam theory, the vibration equation of the (simply supported) FG 

pipe is derived using Hamilton's principle. The properties of the material change constantly across the 

pipes thickness and depend on power law distribution. The vibration equations are discretized and solved 

numerically using the Galerkin's method. The local flexibility theory is utilized to simulate the crack, 

considering that the crack is a type I crack, and it is assumed that it is always in the open state during the 

vibration of the FG pipe. The spring is used to connect the pipe sections on both sides of the crack. In the 

numerical analysis section, the influence of different parameter on the vibration frequency of the cracked 

FG pipe is mainly discussed in detail. The numerical results show: 

1. As the gradient index increases, the vibration frequency of the FGM flow pipe and the critical velocity 

of the (pinned-pinned) boundary will increase. In this way, we can improve the vibration and stability 

characteristics of the flow pipe by adjusting the gradient distribution of the FGM pipe material. 

2. The frequency is decreased if the crack size is increased. For example, the pipe with crack position is 

0.540 from length, the first nondimensional natural frequency for uncracked FG pipe is 18.005451and 
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for FG pipe with 0.3, and 0.5 crack depth ratio is 17.4512 and 16.0663 respectively, i.e. the reduction 

percent is 3.35% and 10.76% respectively.  

3. With the increasing of crack depth, the fundamental natural frequency decreases (i.e. the crack depth 

tends to decrease the bending stiffness of the FG pipe conveying).   

4. As the crack position increased, the fundamental natural frequency decreases as approaching the center 

of the pipe which belongs to the increase of deflection at the middle of the pipe.   

5. With increasing of visco-elastic foundations (km, ks, C), the cracked FG pipe is more difficult to show 

divergence stability 

6. As the flow velocity increases, the vibration frequency of cracked FG pipe conveying fluid decreases. 

For example, the first nondimensional natural frequencies for cracked FG pipe with different 

nondimensional flow velocity (u=0, 2, 4) are (16.3787, 15.4048, and 12.2317 respectively) i.e. the 

non-dimensional frequency decreases by 5.94% and 25.3% respectively. 
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